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In the p r a c t i c a l  u t i l i z a t i on  of t h e r m a l  shock  in a rod  with a load at the end in a c c o r d a n c e  with the method  of 
[1] as  a m e a n s  of s tudying  the s t ab i l i t y  of the rod  and the dynamic  modulus  of e l a s t i c i t y  of e l e v a t e d  t e m p e r -  
a t u r e s ,  i t  is  n e c e s s a r y  under  c e r t a i n  condi t ions  to take into account  the e f fec t  of the v a r i a b i l i t y  of the m o d -  
u lus  of e l a s t i c i t y  on the t h e r m o e l a s t i c  f o r c e s .  Th is  i s  the sub jec t  of the p r e s e n t  a r t i c l e .  
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Cons ide r  the b e h a v i o r  of an e l a s t i c  rod  of length  l and m a s s  m f ixed at one end x = 0 and with a c o n c e n t r a t e d  
M at the o the r  end x = l in the p re sence '  of r a p i d  hea t ing .  Since the modulus  of e l a s t i c i t y  of the rod  m a t e r i a l  d e -  
on the t e m p e r a t u r e ,  which,  in turn ,  is  a funct ion  of t ime ,  in what fo l lows  we a s s u m e  that  the modulus  of e l a s -  
E =E(t) is  a funct ion of t ime .  

The d y n a m i c  e q u i l i b r i u m  equa t ion  for  the m a s s  M has  the f o r m :  

M u "  + ~ f  = 0 (1) 

Here ,  u is the d i s p l a c e m e n t  of the end of the rod  with the load M in the ax ia l  d i r e c t i o n ,  a is the longi tudina l  
s t r e s s e s  at that  end,  F is  the c r o s s - s e c t i o n a l  a r e a  of the rod ,  and a dot  deno tes  d i f f e r en t i a t i on  with r e s p e c t  to t i m e  t. 

Neg lec t ing  t h e r m o e l a s t i c  i n t e r a c t i o n  and us ing  the s t r e s s - s t r a i n  r e l a t i o n  

(t)  = E (t)  [ l - l u  (t)  - - o :  T (t)] (2) 

w h e r e  ~ is  the coe f f i c i en t  of l i n e a r  expans ion  and T(t) the t e m p e r a t u r e  r i s e  at t i m e  t, we r e d u c e  the e q u i l i b r i u m  e q u a -  
t ion to the f o r m  

Mu'" + E ( t )F l - lu  = E (t)Fa T(t) (3) 

A s s u m e  that  the rod  is  u n i f o r m l y  hea t ed  o v e r  the length  and c r o s s  s ec t i on  and that  the t e m p e r a t u r e  r i s e  can be 
e x p r e s s e d  by the equa t ion  

r (t) = T+t / t* (0 ~< t ~< t*), T (t) = T+ (t > t*) (4) 

He re ,  T+ is  the m a x i m u m  t e m p e r a t u r e  r i s e  and t* is  the hea t ing  t ime .  Since for  many  m a t e r i a l s  the t e m p e r a t u r e  
dependence  of the modu lus  of e l a s t i c i t y  can be a p p r o x i m a t e d  o v e r  a wide i n t e r v a l  by a l i n e a r  funct ion  [2], us ing  cond i -  
t ion (4) we r e p r e s e n t  th i s  dependence  in the f o r m  

E (t) = Zo (i - -  L)t / t* (0 ..< t ..< t*), O~ ----i - -  E~ I Eo) 

e (t) = e~ (t > t*) (5) 

H e r e ,  k = 1 - E1/E 0 is  a p a r a m e t e r  and E 0 and E 1 a r e  the modul i  of e l a s t i c i t y  at the s t a r t i n g  t e m p e r a t u r e  and 
a f t e r  i t  has  r i s e n  by T+. 

Subst i tu t ing  (4) and (5) into Eq.  (3), we obtain  

u'" + oe~lu = o2~llaT+t / t* 

L ( L ~ ' J .  _ (  ~o i '/. ,~ 
o ) ' .  l \ T ] ' c - -  \ P / , "; = --~- , Tl ~ i - -  ~,t / t *  

(6) 

w h e r e  p is the dens i ty  of the rod  m a t e r i a l .  

The  so lu t ion  of h o m o g e n e o u s  equa t ion  (6) is  g iven  by the func t ions  [3] 
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, 2 * 

(') =', '~ u -  ' , ' ]  (7) 

H e r e ,  J1/3 (z) and Yi/3 (z) a r e  B e s s e l  f u n c t i o n s  of the  f i r s t  and s e c o n d  k inds .  

F o r  z e r o  i n i t i a l  d a t a  the  d i s p l a c e m e n t  and  v e l o c i t y  u" of the  end  of the  rod  x = 1 a r e  g i v e n  by  the  e x p r e s s i o n s :  

f o r  0 -< t _< t* 

L~T+u(t) _ 3~,'~ ~I't'[JV,([t) YV, ([tq'/9 --  Y% (~) J,I, (~11"/")] - ] - +  

u" (t) 
l~T.o, -- ~ [ '~  ,q-V, (Yv, (~) J'q, (~'rl'/')) --  JV, (p3) Y'h (~'rl)%) 

% i ] 
-t" ~I (Y,h ([3) J" (p~l'l,) -- J,I, (pt) YV[ (Pill)) -t- - 7  

(s) 

fo r  t > t* 

u(t) ~ cp'f, [ [ t ( 1 ~-'/~ 
t ~  = i + - - y - - u A  i + - ~ -  ~ - - ' I , ~ A  

u'(t) 
laT+(oz -- 3 

s,i: (~) 

~ ( ~  j j sin [(oz (t --  t*) -I- ~$] 

~-'I, ]'1: @ 
"'I' A [I -I--~-~ ( a]2T~A "- 'A=~A ;L 3-/, (~(p%) 

,_,/. (~ , ' / : ) ) ' ] ' / '  
cp - -  cos I(o, (t -- t*) + 61 

(9) 

H e r e ,  

A = [ ]% (~) Y% (~q~'/') --  3",/, (~c~'/,.} y ,h< (~) ] (cp = i -- ~) 
2 (or* c, ( + ) ' h  . (_~_)'h, u(t*)--laT+ 

~ =  3 ~, ' (oz=-/- '  cz=  t g 6 =  u'(t*)/oa 

In Eqs .  (9) the  v a l u e s  of u (t*) and  u" (t*) a r e  c a l c u l a t e d  in a c c o r d a n c e  w i th  (8) f o r  t = t*. 

We f ind the  t h e r m o e l a s t i e  s t r e s s e s  in  the  r o d  by m e a n s  of Eq. (2): 

fo r  0 -< t _< t* 

(t) ~-~ ~'/' IS,l, (~) Y,/, (~'1') - -  Z,l,(,~v,) y,/, (~)1 Eo~T + -- ( l o )  

f o r  t > t* 

(t) 
Eo~t T + 

,. v i [ t ~-'/, a-,/.(~) 
_ L' + T .,./, 

,-.I. (~,"  ) )']" 
- -~  jq,([j~%) sln [~ (t -- t*) At" 8] (11) 

T h u s ,  t he  d i s p l a c e m e n t  of the  end  of t he  r o d x  = l ,  i t s  v e l o c i t y ,  and the  s t r e s s e s  in the  r o d  fo r  a v a r i a b l e  m o d u l u s  of 
e l a s t i c i t y  a r e  c o m p l e t e l y  d e t e r m i n e d  by (8 ) - (11 ) .  

C o n s i d e r  the  l i m i t i n g  c a s e  in w h i c h  the  t i m e  t* is  m u c h  l e s s  than  the  f u n d a m e n t a l  p e r i o d  of the  n a t u r a l  v i b r a t i o n s  
of the  l oaded  rod  27r/w. In t h i s  c a s e  in  Eq. (9)/3 ~ 0. Us ing  r e p r e s e n t a t i o n s  of the  B e s s e l  f u n c t i o n s  in  s e r i e s  f o r m  [4] 
and  con f in ing  o u r s e l v e s  to the  f i r s t  t e r m  of the  e x p a n s i o n  fo r  s m a l l  v a l u e s  of the  a r g u m e n t ,  we h a v e  

u (t) ~ (t) 
lxT+ : 1 --  cos (oat, ElctT+ = cos (ozt (12) 
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Fig. I 
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Fig. 2 
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It follows from express ion  (12) that in this case, as was to be expected, the natural  frequency and the maximum 
amplitude of the thermoelas t i c  s t r e s ses  are de termined by the value of the modulus of e las t ic i ty  after heating by T+. 
In the f igures we have used the  notation U = uflo~T+ and ~ = e/E0c~T+. 

0L .... cot" i 

Fig. 3 

The effect of the pa ramete r  X and the heating t ime cot* on the d isplacement  of the end of the rod and the s t r e s ses  
in it when the vibrat ions are  forced (during heating) and when they are free (after heating) can be seen from Figs. 1 
and 2, where the u(t) and ~r(t) re la t ions  are presented for wt* = 7r and various values of the pa ramete r  X. As X increases ,  
so does the period of the free vibx-ations; this is at t r ibutable to the decrease  in the modulus of e las t ic i ty  E during heat -  
ing (see Eq. (1) of [1]). The amplitude of the compress ive  s t r e s ses  is less  during than after heating (Fig. 2). The rat io 
of the maximum compress ive  s t r e s s  in the f i r s t  quar ter  period to the maximum compress ive  s t r e s s  after heating o'*/(~ + 
is given in Fig. 3 for var ious heating t imes wt* and pa ramete r s  2,. 

Fig. 4 

The dependence of the maximum displacement  u + and s t r e s s  (~+ on the heating t ime a)t* and the pa ramete r  X 
is shown in Figs.  4 and 5. F r o m  these f igures it is c lear  that at wt* < t/27r the maximum displacements  depend only 
slightly on the pa ramete r  X; the effect of X on the s t r e s se s  is approximately proport ional  to the magnitude of X. 

-t g ~  

Fig. 5 

An analys is  of the data presented  in Figs. 1 and 2 shows that at a heating t ime not exceeding a quar ter  period 
the d isplacements  and thermoelas t ic  s t r e s ses  can be calculated without ser ious  e r r o r ,  as for the case of instantaneous 
heating, f rom the period of the free vibrat ions  and modulus of e las t ic i ty  taken at the maximum heating tempera ture ,  
i . e . ,  f rom re la t ion  (12). 
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